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Which aspects of mathematics teaching promote effective student lear ning and which tend to prevent it?
Students' views on their learning can have much to tell us about effective teaching. For this TLA research
summary we selected and summarised arichly detailed, three-year study of the teaching of mathematics, which
takes account of the students' own perceptions of their learning experiences.

The study examines in considerable depth approaches to mathematics in two English secondary schools that
were using markedly different approaches to the teaching of mathematics. It was conducted in England between
1992 and 1995 and was first published in 1997. The author revised and expanded the original publication
primarily to make it accessible to a United States audience.

With the recent developments in the curriculum for 14-16 year olds in Key Stage 4, the study makes a relevant
and useful contribution to our understanding of effective mathematics teaching.

The study is:
Boaler, J. Experiencing School Mathematics. New Jersey: Lawrence Erlbaum Associates, 2002 (revised edition).

It reports findings on the effect of the different approaches to teaching mathematics on students academic
performance, their beliefs about the nature of 'school mathematics, their self-confidence in mathematics and
their ability to use and apply mathematics in the real world. The study shows how specific characteristics of
teaching affected boys and girls differently. It found evidence of inequity for students from different socio-
economic backgrounds. Most importantly, it uncovers the specific aspects of teaching which had the greatest
impact (either positive or negative) on students' understanding.
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Overview

Why istheissueimportant?

Students' views of the teaching they receive can be very useful for assessing quality of teaching. Determining
which aspects of mathematics teaching promote effective student learning and which tend to prevent it is an
important tool for learning about effective teaching.

What did theresearch show?
Students at the 'progressive’ school:

@ understood mathematics better

® were able to apply their knowledge better

® were more confident in new mathematics-related situations
® remembered their mathematics better

® did better at GCSE mathematics.

than students at the 'traditional’ school.

How was this achieved?

Mathematics teachers at the 'progressive’ school put studentsinto mixed ability groups, gave open-ended
tasks, encouraged students to discover and use their own mathematical methods, gave students a high degree
of choice with regard to the direction of their work, asked open questions that required students to think hard
about their answers as well as how they had arrived at them, and encouraged discussion between students.
They aimed to give students a comprehensive mathematical understanding that would help them throughout
life, rather than narrowly focussing on examination success. Students at the ‘traditional’ school were placed in
ability groups at the start of Year 9. Lessons typically followed a consistent pattern, were highly structured,
used set approaches to problems, and required students to give only brief responses to questions.

How was the resear ch designed to be trustworthy?

The study tracked a cohort of around 300 studentsin two English secondary schools as they progressed
through Y ears 9-11. The two schools were similar in terms of the student intake and socio-economic
conditions, but the schools differed markedly in their philosophy and ethos, approach to classroom
organisation, and teaching methods in mathematics in Key Stage 4.The researcher collected a variety of
student test data during each year of the study, surveyed and interviewed the students, interviewed teachers
and observed around 100 lessons.

What aretheimplications?
The study showed the importance of:

@ giving students opportunities to work through problems that require thought and to reward students who demonstrate
careful mathematical thinking

® opportunities to discuss with each other what they can do if they get stuck

® ysing open-ended activities and prompting students to discuss the problem fully and to encourage them to record it in
their own mathematical language

® helping teachers to be aware of their preferred teaching techniques and the effects these have on their students.

What do the case studiesillustrate?
The case studies show, for example:

® a mathemati cs classroom was set up to enable the students to |earn algebra more effectively via an open-ended,
investigative style of teaching and learning

® whole class teaching can be used effectively to improve the quality of students' learning in mathematics



® some of the difficulties students experience and the misconceptions they may adopt in algebraif the subject is taught
in away that emphasises routine skills rather than understanding, and if explicit attention is not paid to the careful use
of technical language.

Back to top

What did the study find out about lear ning in mathematicsin the 'traditional’ and
'‘progressive’ schools?

The study examined the markedly different approaches to mathematics teaching at two schools and
the effect on students in terms of their:

® performance on different types of assessment
® heliefs about mathematics

® attitudes to mathematics

® enjoyment of the subject.

It isimportant to start by saying that differences in the ethos of the two schools extended beyond the
mathematics department. The schools differed in their dress codes for students and staff, student behaviour
within and outside lessons, student-staff interactions and the persona of the head teacher. The researcher
described Amber Hill as having an ethos that induced obedience and conformity. Students were well behaved
and quiet in both lessons and corridors. They received annual grades on their cooperation and "the wearing of
school uniform™. Within lessons, communication between the staff and students was teacher led but friendly.
Students described teachers as approachabl e and helpful. The head teacher, who was described by the
researcher as ‘austere' in appearance and 'authoritarian' in his approach to decision making, seemed to want
the school to be seen as academic and respectable.

Phoenix Park had along tradition of progressive education, acommitment to equality of opportunity and a
thriving special educational needs department. Many subject departments used a project-based, problem-
solving approach with little recourse to textbooks. All subjects were taught in mixed ability groups. The
researcher described Phoenix Park as 'relaxed' in general ethos and standards of dress - the students did not
wear uniform and the teachers mostly dressed casually. It had a calm atmosphere, as students walked slowly
round the school and there was no running or shouting. Staff and student conversation was frequent and
informal and there was an emphasis on student self-reliance and independence. The head knew al of the
students by name and they seemed comfortable in his presence.

The two schools showed no significant differences regarding sex, ethnicity or social class and the student
cohorts at the beginning of Y ear 9 reached very similar levels of attainment on a broad range of mathematics
tasks. However, the subsequent learning experiences of Amber Hill and Phoenix Park students were very
different. Amber Hill students encountered mathematics within a‘traditional’, class taught, transmission
model of teaching. The students at the 'progressive’ school, Phoenix Park, worked on open-ended activitiesin
an informal environment and learned about new mathematical methods and procedures only when they
needed to use them in projects. Readers might like to read a case study that gives an example of such ‘justin
time learning' (case study 1) set within the context of an open-ended approach to teaching algebra.

The study went beyond simplistic analysis of ‘traditional’ and 'progressive’ methods of teaching and
classroom organisation. It set out to discover whether and how students' learning was affected because they
encountered new ideas in different forms and contexts. It examined what specific aspects of teacher practice
and belief led to particular outcomes.

Over the course of three years, the researcher, Jo Boaler gathered awealth of detail on teaching methods,



classroom organisation and relationships between teachers and students. She used many, varied assessments
to find out whether differences existed in the extent or nature of students' understanding as aresult of their
experiences. These are explained more fully in the page on study design. The assessments showed that the
students at the 'progressive' school:

® understood mathematics better

® were able to apply their knowledge better

® were more confident in new mathematics-related situations

® remembered their mathematics better

® and did better at GCSE mathematics than students at the 'traditional’ school .

What GCSE results did studentstaught by 'traditional’ and 'progressive’ methods achieve?

Phoenix Park students outperformed Amber Hill students at GCSE despite the fact that teachers at Amber Hill
made it their top priority to prepare their students for this examination. Phoenix Park teachers, on other hand,
stated that their approach to mathematics was not narrowly targeted at examination success. Although the
GCSE examinations were important to the students and the school, teachers alowed students to select and
enter unfinished coursework for the examination, for example.

At theend of Year 11, Amber Hill entered 84 per cent of their students in the GCSE examination and Phoenix
Park entered 94 per cent of theirs. The results were as follows:

® more Phoenix Park students passed the examination (gained A*-G grades) than Amber Hill students

® more of the Phoenix Park students (2.9 per cent) than Amber Hill students (0.5 per cent) gained the highest Aor A
grades

® similar proportions of the students at the two schools gained A*-C grades

® Ato C results for both schools were lower than the national average, but this might be expected from the intakes of the
two schools

® the proportion of Ato G passes at Phoenix Park was higher than the national average for the examination, suggesting
the students made better progress than the national average.

The performance of pupils at Phoenix Park was closer to early measures of their ability in mathematics than
was the case at Amber Hill. The researcher compared the results of NFER-Nelson tests of mathematical
ability which students all took at the end of Y ear 8 with their eventual GCSE grade. She plotted the one
measure against the other on scatter-grams and found that there was a much closer match between theinitial
measure of a student's ability and their eventual result at GCSE at Phoenix Park than at Amber Hill. A perfect
correlation (an exact match) would be equal to one. The correlation for the Phoenix Park scatter-gram was
0.67, whilst the correlation for Amber Hill was only 0.48.

This meant that fewer students at Amber Hill achieved the results expected of them than was the case at
Phoenix Park, where students' GCSE results were more closely linked to early measures of ability. At
Phoenix Park, there were afew students whose GCSE results did not correlate closely with their prior
performance - severa of these performed better at GCSE than expected. At Amber Hill, a greater number of
students gained disappointing GCSE results that did not match their previous levels of performance.

The Amber Hill students who did badly, despite being high achievers at the end of Y ear 8, tended to be
working class. Thiswas not true of Phoenix Park, where the very small number of underachieving students
came from awider range of social classes.

What characterised mathematicslessonsin the'traditional’ school?

The two schools studied were similar in terms of the student intake and socio-economic conditions. Their
students had similar previous experiences of mathematics, working through individualised workbooks at their
own pace, with little whole class teaching in Y ears 7 and 8. However, the schools differed markedly from one
another in their:

® philosophy and ethos
® approach to classroom organisation
® teaching methods in mathematicsin Key Stage 4



® views on the relative importance of examinations.

The students behaved differently in mathematics classes within the two schools at Key Stage 4. This could be
seenin;

® their responses to questions
® the time they spent on task
® their level of engagement with the work.

The students at the 'traditional’ school (Amber Hill) were placed in eight 'sets or ability groups at the start of
Y ear 9. The teachers in the Amber Hill mathematics department used a text book approach to their lessons.
They were all mathematics specialists. Mathematics lessons at Amber Hill:

® followed a consistent pattern

® were highly structured

® ysed set approaches to problems

® were typified by a concern to cover the national curriculum and prepare students for the GCSE examinations
® required students to give only brief responses to questionsshowed good student behaviour and motivation.

Teaching approaches at Amber Hill

Consistent lesson structure

Teachers at Amber Hill were all well qualified mathematics specialists. They were friendly and devel oped
good relationships with students. The students reported that they found the teachers approachable and helpful.
All the teachers adopted the same approach to teaching mathematics. They explained methods from the front
of the class for the first fifteen to twenty minutes, often questioning pupils using short, closed questions.
Teachers then gave the students questions from textbooks to work through. During this time, they moved
between pupilsto help them and to check progress.

From Y ear 9 the students used the same textbooks in amost every lesson. They completed assessments of
their work at the end of each chapter. L essons lasted an hour and the format did not vary, except for three
weeks of Years 10 and 11 when the students completed an open-ended investigation.

Set approaches to problems

Amber Hill mathematics teachers generally offered students only one method of approaching a problem. They
presented these in a clear, structured way, but did not discuss their choice of method or when and why they
worked. They did not encourage students to discuss aternative approaches or to try their own methods. Asthe
following comment shows, teachers chose this approach because they thought it was an efficient way of
getting students through the curriculum.

"You're very stringent to atime limit, you haven't got the time...there's certain things you have to sit down
and tell them. | could spend aweek letting them work through on their own, or, | know this group, | could
explain it to them in one lesson and they'd understand it. Which one do you do?' (Edward, Amber Hill,
teacher)

Teachers at Amber Hill were conscientious and their conversations often indicated a concern to complete the
syllabus.

Therestriction of student responses

The vast majority of the students' experiences of mathematics involved short, procedural activities. Amber
Hill mathematics teachers used closed questions requiring only brief responses. They often simplified
mathematical principles or methods to a set of rules or procedures for students to learn. Although the textbook
offered open questions towards the end of each exercise, the students were rarely allowed to work through
these alone. Instead, teachers would break such questions into smaller parts and guide students through the
mathematical decision making, either on a one-to-one basis or with the whol e class. Some teachers put
demanding questions up on the board before lessons and went through them during the introduction. After
extensive classroom observations, the researcher judged that students were given little time to work on



activities that made them think.
The students reported in interviews that they were actively discouraged from using their own methods.

"In school you have to use the method you are told to."

(Danielle, Amber Hill, Year 10, Set 2)

"Normally there's a set way of doing it and you have to do it that way. Y ou can't work out your own way so
that you can remember it."

(Carly, Amber Hill, Year 11, Set 1)

Student behaviour

Amber Hill students sat in pairs, but tended to work alone, except for checking answers with their partners.
They were very well behaved and confined any misbehaviour to chatting with their partners. They appeared to
spend almost al their time on task. In ten representative lessons, the researcher found that 100, 99 and 92 per
cent of the students were on task ten minutes into the lesson, half-way through and ten minutes before the end
of the lesson respectively. The Amber Hill students believed mathematics to be a very important subject and
wanted to do well init.

What characterised mathematicslessonsin the'progressive’ school?

The mathematics teachers in the 'progressive’ school, (Phoenix Park) taught mixed ability classes using open-
ended activities which allowed the students to respond at different levels and thus were differentiated by
outcomes. Mathematics lessons at Phoenix Park:

® were varied and used open-ended tasks until the start of GCSE preparationin Year 11

® gave students a high degree of choice with regard to the direction of their work and encouraged them to discover and
use their own mathematical methods

® aimed to give students a comprehensive mathematical understanding that would help them throughout life, rather than
narrowly focussing on examination success

® asked open questions that constantly required students to think

® were very informal, encouraged discussion, allowed a degree of off-task activity and elicited varying levels of student
motivation.

Teaching approaches at Phoenix Park

The teachers' concern with getting through the curriculum that was typical of Amber Hill was absent in
Phoenix Park. The school's scheme of work was described as "very sparse”, but the activities were carefully
chosen to provide different access points for different students. Mathematics teachers at Phoenix Park were
well qualified and all except one teacher (whose degree was in engineering) were mathematics specialists.

Fluid lesson structure

When they joined Phoenix Park in Y ear 9, the students were placed in mixed ability groups. From then until
half way through Y ear 11, the students worked on open-ended projects. (In January of Year 11, the students
started preparing for their GCSE examinations and the lessons at Phoenix Park became more structured and
directed.) During the two and a half years of open-ended work, the teachers introduced students to a project or
theme and then allowed them to explore this using their own ideas and mathematical knowledge. Projects
usually lasted about three weeks. Students exercised a high degree of choice in how they approached their
work.

"We're usually set atask first and we're taught the skills needed to do the task and then we get on with the
task and we ask the teacher for help."
(Simon, Phoenix Park, Year 11)

Open approach to problems

Teachers introduced activities which they knew were mathematically rich, but they did not have fixed ideas
about how students would interact with the problems. They did not give students specified paths through their
activities and, when asked questions, seemed to make deliberate efforts not to tell the students what to do or to
give them easy answers. For example, ateacher refrained from giving information about shapes to a student,



referring him instead to a mathematics dictionary where he could look up the information.

The deepening of student responses
Teachers encouraged pupils to think about their work and to trust their common sense. Students were
encouraged to estimate and to compare results with their expectations. One student commented:

"First of al you have to try and find your own methods, then if you really get stuck the teacher will come and
give you suggestions for stuff and tell you how to, like, progress further and then you can kind of think about
it

(Andy, Phoenix Park, Year 11)

Teachers consistently asked students to expand on their answers, to explain their reasoning and to
communicate their thought processes within their groups and sometimes to the whole class. Finding an
answer was not sufficient; students were encouraged to think about why a particular approach worked and to
explore aternative approaches.

Student behaviour

Mathematics lessons at Phoenix Park were often described by students as "noisy". The researcher commented
that in one hundred or so lessons she observed at the school, typically one third of the students would be
wandering around the room, chatting about non-work issues. Some students remained off task for long
periods of time. Others drifted on and off task. In eleven representative lessons, the researcher found that 69,
64 and 68 per cent of the students were on task ten minutes into the lesson, half-way through and ten minutes
before the end of the lesson respectively. It was difficult for staff to monitor the amount of work completed by
students during the course of each project. The teachers trusted the students to get on with their work, spent
their time helping students who wanted help and left others to their own devices, unless they became
disruptive to others. Practitioners who aim to get the best from all students, including those with alow level of
personal motivation, may find this both surprising and unacceptable. Nevertheless, the study found evidence
that students at Amber Hill perceived themselves to be off task for similar periods of time to the Phoenix Park
students - they merely looked as if they were working. When the Phoenix Park students chose to work, they
did so with interest.

How did the two groups of students comparein tests of applied mathematics?

Phoenix Park students did better on tests of their applied knowledge than students at Amber Hill. This might
be expected, as the Phoenix Park method of teaching required them to apply their knowledge to realistic
contexts to a much greater extent than was the case at Amber Hill. In the findings reported below, the Phoenix
Park students were drawn from the full ability range, as al classes were of mixed ability. The Amber Hill
students were drawn from the top half of the school's ability range. (The researcher decided early on to focus
some, but not all, data collection on sets 1 to 4, partly because the department head was most comfortable
with her visiting those classes and partly because those sets showed interesting performance patternsin an
early applied activity.)

Findings from the first year of the study

At theend of Year 9, the study tested about half the studentsin each school on multiplication, division, area,
volume, percentages, angles and measurement. All students had met these mathematical areasin class. A few
weeks later, the same students tackled an architectural activity that required them to apply the same
mathematical knowledge. To succeed on the activity, students needed to choose, combine and use different
mathematical methods. They could use calculators at any stage. The study found that Phoenix Park students
were slightly less successful than Amber Hill students on the test questions, but much more successful on the
activities.
In the activities using volume:

® more Phoenix Park students (75 per cent) solved the problem correctly than Amber Hill students (55 per cent)

® of those students who answered relevant test questions incorrectly, more Phoenix Park students (29 per cent) than

Amber Hill students (11 per cent) nevertheless did well on the practica activity
® more Amber Hill students (28 per cent) could not use relevant mathematics in the activity, despite answering test



questions correctly, compared with Phoenix Park students (16 per cent).
In work on angles:

® of those students who correctly estimated an angle in the test, more Phoenix Park students (83 per cent) than Amber
Hill students (62 per cent) were also correct in the applied activity

® the |east successful Amber Hill students came from the top set, many of whom tried unsuccessfully (and
inappropriately) to use trigonometry to estimate an angle.

Findings from the second year of the study

Oneyear later, al of the studentsin the top four sets at Amber Hill and all students from four mixed ability
classes at Phoenix Park were given a second activity and related tests. The tests took place a month before the
activity and assessed all the mathematics featured in the activity. In the first hour of the applied test, students
had to plan and draw to scale rooms, doors and furniture on the empty plan of aflat, following various
‘building regulations. During a second, hour long lesson, they had to answer two questionsin relation to their
flats.

Many more Phoenix Park students (61 per cent) than Amber Hill students (31 per cent) gained the highest
grade, despite being taken from awider attainment range. To receive this grade, they had to produce well-
planned designs, with appropriately sized and scaled furniture.

Nearly one quarter of Amber Hill students drew rooms of an inappropriate size or included wrongly scaled
furniture on the activity despite the fact that only one tenth of them failed to use scale correctly in the short,
written test.

The scores are given below.

Flat design results

Per centage of students gaining each grade Total number

Grade 1 Grade 2 Grade 3 Grade 4 Grade 5

Amber Hill 31 24 7 18 19 99

Phoenix Park 61 6 8 13 12 89

When asked to estimate the approximate cost of a carpet to cover the whole of their flat, over one third of
Amber Hill students attempted to find an exact measurement of floor space. Later, in interviews, some of
these students said that they used this degree of accuracy because they thought they had to "show their
working". The researcher commented that they were probably doing what they thought was expected of them,
which meant working with the numbers and ignoring the wider context. The Amber Hill students
performance showed that they had difficulty making use of the mathematics they had learned in an applied
situation, not due to alack of mathematics knowledge, but due to the ways in which the students interpreted
the demands of the activity.

How did the two groups of students perform in tests of long-term learning?

The students at Phoenix Park outperformed students at Amber Hill in assessments designed to measure long-
term learning. In this assessment, students were tested on a piece of their school work just before being taught
the work, immediately after completing it and then six months later. On each of these occasions, students took
exactly the same test.



The results showed that, immediately after their lessons both sets of students could remember a reasonable
proportion of their work. Six months later the Phoenix Park students remembered far more of what they had
learned than Amber Hill students.

Phoenix Park Y ear 10 group had forgotten one sixth of what they had learned
Phoenix Park Y ear 9 group had forgotten one third of what they had learned
Amber Hill Set 4 Year 10 had forgotten half of what they had learned

Amber Hill top set Year 9 had forgotten two thirds of what they had learned.

The tests the Amber Hill students took were exact replicas of their exercise book questions with different
numbers of contexts. The test designed for Phoenix Park could not be an exact replica of their class work, as
the students were working at different levels of mathematics. Despite this, the Amber Hill students did less
well on the tests of long term learning than Phoenix Park students.

Thefirst group at Phoenix Park was a 'Y ear 9 group working on long division without a calculator. It was
approached in an unusually didactic way for Phoenix Park: one method was introduced on the board and then
the students explored division patterns. The work lasted for two lessons. The Y ear 10 work, taught by the
same teacher, was a more typical Phoenix Park project on statistics lasting about three weeks.

The two groups assessed at Amber Hill wereaYear 9 top set and a'Y ear 10 Set 4, both taught by the same
teacher. In both groups, the teacher explained the methods at the board and then the students practised
exercises. The top set was taught at a fast pace, as was normal for the school. Both groups worked for about
three weeks on the topics assessed. The group of most able students forgot more in the tests than any other

group.

How did preparation for GCSE examinations differ in the two schools?

From January of Y ear 11, the teaching and learning environment at Phoenix Park changed to become more
like that of Amber Hill, as teachers prepared students for the GCSEs. Phoenix Park students were grouped
into three bands according to the examination they were entered for - foundation, intermediate, or higher. The
teachers used blackboards more frequently to explain procedures and the students practised procedures within
textbook questions, worksheets and past examination questions. Students did not appear to be worried about
the approaching examination. Many reported that they did not bother to revise for the examination.

"I can't say anyone | know is bothered about their GCSEs. | don't think we're revising or bottling down or
anything. | think it hasn't hit us yet."
(Helen, Phoenix Park, Year 11)

At Phoenix Park, the teachers explicitly stated that their intent in mathematics was to give students a
comprehensive understanding that would help them in life. They were not aiming solely at successin GCSE.
Nevertheless, success in the examination was important to them and to the schoal. It istherefore surprising
that teachers at Phoenix Park did not provide some students with cal culators on the day of the examination,
given that many students could not afford to buy their own. The mathematics department claimed that it did
not have the money to replace calculators lost during the year.

"Like the day before they told us al the equipment we needed and we had to go out and buy it and if you
didn't have any money then you didn't have the equipment.”
(Linda, Phoenix Park, Year 11)

The researcher was given special permission to analyse the completed GCSE papers at both schools. She
found that six Phoenix Park students wrote, "I haven't got a calculator,” on their papers and, at frequent points
in the examination, wrote out the method they had used in the questions, thereby making the best of a difficult
situation, but did not calculate the answers. This lost them marks.

Whereas Phoenix Park teachers rarely mentioned the examinations, at Amber Hill, the teachers constantly
stressed its importance and reminded students of the need to prepare for it. They were clear that preparing
students to do as well as possible at GCSE was their most important aim. The students' ability to use



mathematics in more realistic situations was not as important to them. Amber Hill students shared their
teachers' desire for GCSE success and even those who disliked mathematics worked hard to achieve a good
result. When asked why he worked so hard in lessons despite having stated a dislike for mathematics, one
student replied:

"Because we want to do well. Mathematics GCSE is really important - everybody knows that."
(Chris, Amber Hill, Year 11, Set 4)

The researcher commented that the pressure to do well at GCSE may have disadvantaged the Amber Hill
students, just aslack of pressure may have disadvantaged some Phoenix Park students. Phoenix Park students
aso faced the real difficulty of taking the examination with no calculator. Y et their GCSE results were better,
on both raw and value added results, than those of the more 'traditional’ school. Both schools started with
pupils at similar levels of achievement and attainment, as measured on a broad range of criteria, and Phoenix
Park students achieved more Aand A grades and more Ato G grade passes.

What effectsdid different teaching styles have on student beliefsand attitudes?
The study explored the relationship between different classroom interactions and the understandings, beliefs
and dispositions that students subsequently devel oped.

It found that students offered a programme of study in which they had to think hard about open-ended
problems were more likely to:

® believe that mathematics was of relevance to everyday life
® helieve that understanding in mathematics was more important than working fast or getting to a correct answer
® enjoy mathematics
® show confidence and creativity in mathematics, especially when encountering new situations in which to apply their
knowledge
than students who had experienced highly structured lessons that taught rules and procedures to the whole
group at afixed pace.

Moreover, at the more 'traditional’ school, the study uncovered marked differences between girls and boysin
their response to mathematics.

In the next few pages we explore reports of the relationship between mathematics experiences at the two
schools and student beliefs and attitudes.

What wer e student beliefs about 'school mathematics and mathematicsin everyday life?
Students at both schools were asked to rank different aspects of mathematicsin terms of their importance.
These included:

® working at afast pace

® getting alot of work done

® remembering rules and methods
® knowing how to use a calculator
® understanding mathematics.

The student responses showed that the girls at Amber Hill were closer in their beliefs about mathematics to
Phoenix Park students than to the boys at Amber Hill. The male Amber Hill students were more likely to
believe that working fast and remembering rules were important, whereas girls at Amber Hill and the Phoenix
Park students were more likely to believe that understanding was important.

Students at 'traditional' Amber Hill were taught standardised methods for reaching solutions to a problem.
They tended to express beliefs that:

® students needed to learn rules and apply them
® it was important to answer questionsin "the way the teacher wants you to"
® memory was more important in mathematics than thought.



These beliefs had several consequences for Amber Hill students:

® they were more likely to attempt to remember and apply rules than to try to interpret and understand what they were
doing

® when they encountered questions that did not require simplistic use of arule, they asked for help, gave up, or tried to
use aruleinappropriately

® they could apply learned rulesto familiar situations but became easily confused when faced with a new situation.

The study found evidence that the two different sets of students varied in their ability to connect school
mathematics to real life situations. Both sets of students were asked to describe situations in which they had
used mathematics outside school. The Phoenix Park students mentioned various activities such as organising a
bank account, route-planning for a paper round, reading the scale of a map, laying slabsin the front garden
and sorting out a magazine collection, as well as situations using data handling, money or shopping. The
responses of Amber Hill students were far less varied and three-quarters of them confined their responses to
using money or shopping.

Amber Hill students found it difficult to see the relevance of 'school mathematics' to mathematica situations
in the real world. One commented:

"WEell, when I'm out of school, the maths from here is nothing to do with it...most of the things we've learned
in school we would never use anywhere."
(Richard, Amber Hill, Year 11, Set 2)

Students at Phoenix Park saw no distinction between the mathematics they learned in school and the
mathematics of the real world. They said they could use the same methods in both places.

"I'd probably try and use what I've learned in school."
(Gary, Phoenix Park, Year 11)

Readers may wish to read a case study of how data generated from real problems was used by students to
develop their mathematical skillsin cross-curricular projects(case study 2).

Once Phoenix Park students began formal GCSE preparation, their perception of alink between 'school' and
'real life' mathematics declined.

"I wouldn't be able to use the stuff now [examination preparation] because | don't understand it."
(Linda, Phoenix Park, Year 11)

How much did students at ‘progressive’ and ‘traditional’ schools enjoy mathematics and why?

The Phoenix Park students were more positive about mathematics lessons than the students at Amber Hill. At
Phoenix Park, 43 per cent of the students offered positive or very positive comments on mathematics lessons,
compared with only 23 per cent of Amber Hill students. The situation was reversed for negative comments,
with only 25 per cent of Phoenix Park students offering negative or very negative comments compared with
39 per cent of Amber Hill students.

The Phoenix Park students varied in their enjoyment of mathematics. About one third of them were
consistently positive. They felt that the work was varied and appreciated the freedom of choice they had to
tackleit. About half of the year group said they enjoyed mathematics most of the time. Their degree of
enjoyment depended upon the specific project. About five studentsin each class at Phoenix Park disliked and
resisted the open nature of the work. They complained that they were left on their own without knowing what
to do. These students were mainly boys and they were often disruptive, not only in mathematics, but across
the school. The behaviour of these students tended to improve as they got older. By the time they were higher
up the school, they had become more accustomed to having to think for themselves and complained
vehemently about the closed nature of the work taught by a student teacher.

Students from both schools agreed that they enjoyed variety, doing practical, open-ended work and working at



their own pace. However, the students at Amber Hill complained that their mathematics rarely offered these
features. They disliked always working from the same text book and having to practise many of the same
types of problem. The sole break from the unvarying pattern of Amber Hill mathematics lessons was three
weeks of open-ended coursework completed in the year prior to GCSEs. These open-ended tasks involved
mathematical decision making in "rea-life" situations, like planning atrip, and offered al three of the
features students said they enjoyed. In addition, the tasks allowed students to discuss their work in
cooperative groups.

When asked to describe "the most interesting piece of mathematics' they had ever encountered, Phoenix Park
students listed awide variety of projects. The Amber Hill responses lacked variety. The majority of Year 9
students, who had not yet experienced coursework, cited the same lesson: using Logo, a programming
language on the computer. Most of the older Amber Hill students chose the coursework as their most
interesting mathematics experience. They said they found it difficult and had to think hard, but they felt proud
of what they had achieved by the end:

"It's a better way to learn ‘cause | can figure it out for myself. The books just, it's too much leading you
throughit."
(Sacha, Amber Hill, Year 11, Set 4)

"Y ou feel more proud of the projects when you've done them yourself. If it's just working through the book,
you can't feel proud ... but if it'sabig project ... and you've worked hard and if you get a good mark you feel
really good about it."

(Lola, Amber Hill, Y11, Set 3)

What gender differencesdid the study find?

Surprisingly, the study found no significant differences between male and female attitudes to, or enjoyment
of, mathematics at Phoenix Park. Thisfinding is unusual, as such gender differencesin attitudesto
mathematics have often been found by other studies. However, gender differencesin approaches to
mathematics emerged in the more 'traditional’ mathematics department. Amber Hill boys and girls differed
with regard to:

® the reasons they gave for enjoying working at their own pace

® the reasons they gave for enjoying course work

® their attitudes towards working fast

® their expressed needs to understand the subject

® their attitudes to working and discussing problemsin groups

® their ability to experience rewards and satisfaction in their mathematics lessons
® their level of unhappiness and stress.

Both girls and boys at Amber Hill strongly preferred the individualised work in Y ears 7 and 8 and the course
work in Year 10, but for different reasons. The girls wanted to understand what they were doing before they
moved on to something else, whereas the boys wanted to work fast. The following comments on individual
working, one from agirl, one from a boy, were typical:

"We had time to read it through and if we didn't get it, we had time to read it again, but like with this, we can
only read it through once because she wants us to hurry up and finish it."

(Lindsey, Amber Hill, Year 11, Set 4)

"It was better then, weren't it? We used to compete... We could do it at our own pace and we used to be books
ahead of the others."

(Christopher, Amber Hill, Year 11, Set 4)

The Amber Hill girls said they enjoyed their coursework because, apart from having more time to think about
and tackle the work, they could discussit in cooperative groups and these discussions helped them to
understand. Many boys reported enjoying their course work but said this was because it made a change from
their usual work. Few said that it gave them opportunities to think, use their initiative, or understand better.
Boysrarely mentioned group work. One who did so disliked it because he thought it slowed him down.



Boys and girls at Amber Hill gave statistically significant different responses to the features of mathematics
they thought were important:

® girls were far more likely than boys (91 per cent versus 65 per cent) to see understanding as the most important aspect
of learning mathematics

® hoys were far more likely than girls to see remembering rules and methods (24 per cent versus 4 per cent) or getting a
lot of work done (19 per cent versus 5 per cent) as very important in mathematics.

These different perceptions of the relative importance of understanding and "getting through the work™
affected boys and girls chances of feeling satisfied with their mathematics. Boys and girls used different
strategies when they found their work difficult. When confronted with difficult aspects of mathematics, boys
were more able than girls to set aside their desire for understanding, choose a mathematical procedure they
thought might work, crank mechanically through some cal culations and move swiftly on to other questions
where they hoped for greater success. Girls tended to struggle on with the same question, growing more
frustrated and unhappy. The Amber Hill girls reported high levels of anxiety about mathematics.

The emphasis at Amber Hill upon covering the curriculum, on working fast and on applying rulesin a
mechanical way all served to set girls who needed to understand their work at a disadvantage. In some cases,
this approach affected not only the girls happiness but also their eventual level of attainment.

How did the different approaches to mathematics affect students self-confidence, creativity and levels
of engagement with the work?

The students at the 'traditional’ school were well behaved and most seemed to be on task most of the time.
However, when they were asked to write down anonymously how many minutes they worked in the one-hour
long lessons, the average time they gave was only 38 minutes. Student perceptions of time on task were far
lower than their apparent behaviour suggested. The students looked as if they were working but reported that
they were not. Many said that they "switched off" in mathematics lessons or worked without really thinking
about it. They knew a good mathematics qualification was important and resigned themselves to working, but
did so mechanically.

"People think, oh well, I've got to do it so | might aswell do it."

(Carly, Amber Hill, Year 11, Set 1)

"Just like a computer, you'll do it, but when you get the answer, you won't be sure that it's right...you'll be
like - thisis how we learned it, but isit the answer? Y ou're never certain."

(Simon, Amber Hill, Year 11, Set 4)

Students at the 'progressive’ school were encouraged to be independent and responsible for their own
behaviour. They chatted or "messed about" for some of the time but, when they chose to work, did soin a
focussed way. The students were given agreat deal of freedom to find their own solutions in mathematics and
their responses were discussed openly with their peers and in a non-judgemental way by staff. This seemed to
have positive effects on their self-confidence and ability to offer creative solutions to problems.

The study assessed students' ability to apply mathematicsin an activity called "Planning a Flat". The Phoenix
Park students showed greater originality and imagination in their responses than the Amber Hill students. In
the 89 designs produced by Phoenix Park students, there were 35 unusual rooms, including a variety of
games, sports and play rooms, studies and computer rooms, utility and store rooms, a Jacuzzi, cocktail bar and
piano room. By comparison, the 99 designs produced by Amber Hill pupilsincluded only six unusual rooms:
two pool rooms, two swimming pools, a play room and a store room.

The study showed that 82 per cent of Phoenix Park students but only 65 per cent of Amber Hill students
agreed with the statement "It is important in mathematics to use your imagination”. Perhaps the Amber Hill
students felt less confident that they had permission to be creative.

How did the 'progressive’ mathematics department differentiate work for groups of mixed ability?
At Phoenix Park, students remained in mixed ability groups until shortly before taking GCSEs when they
were placed in three groups for examination preparation. The mathematics teachers there achieved something



that many people think is not possible. They taught a wide range of students together in the same classes and
provided stimulating and appropriate experiences for each or most of them. They did this by paying careful
attention to the different learning experiences that students needed.

The main strategy they used was differentiation by outcome. Phoenix Park staff planned work that offered
students a choice of different starting points, activities and routes through. These different activities led
students to encounter avariety of concepts and to develop different skills and understandings.

The second strategy that they used was differentiation by task (making different work available to different
students). The way in which they did this was quite subtle. Although students chose what to do and how to do
it, throughout each project, the teachers discussed the students work with them, suggesting possible
additional lines of enquiry and steering able students to more demanding and mathematically rich aspects of
the project.

Phoenix Park mathematics teachers believed that the open-ended approach they used was valuable for all
students and that it was their job to make the work equally accessible. They did so in various ways.

Support at the start of projects

Phoenix Park teachers always introduced each new problem to the whole class of students and discussed it
with them in some depth. They never left students to interpret text-based problems alone. They had further
discussions with groups and with individuals to clarify their understanding and to check each student had
some idea of how to start their investigation. The following quote from ateacher took place at the end of a
long, introductory discussion of a new project in which the pupils had played an active part:

"So, I'minterested in area. 1'd like you to explore these shapes and find areas. Now, thefirst thing I'd like
you to do isto record what I've been talking about. My writing isn't sufficient; you need to put thingsin your
own words, your own version of the problem. Expand it, write what it means, pick out shapes, decide what
order you need to do themin!"

JC, Year 9 class, Phoenix Park

They provided resources, such as mathematics dictionaries and practical apparatus that the students could use
independently to explore their emerging ideas or to increase their knowledge on a'need to know' basis. Staff
conscioudly avoided giving the students easy answers or providing them with alot of structure when they
were struggling.

Checking students understanding and uncovering misconceptions

The teachers provided scaffolding through appropriate help, questioning and instruction. The Phoenix Park
mathematics teachers often encouraged students to explain their methods and reasoning and justify the
approach they used. This helped them to detect and explore student misconceptions and help them to gain a
deeper understanding. It also offered students an opportunity to think out loud and clarify their understanding
asthey struggled to put their findings into words. Phoenix Park teachers had a good awareness of what their
students did and did not understood and they used this information to support them as they tackled the
projects. They:

® asked insightful questions of each student

® |istened to the response

® determined what the response said about the student's thinking

® hased further questions and guidance upon what they had discovered about the student's thinking.

Clarifying expectations
The Phoenix Park teachers made it clear that finding an answer was insufficient. Good mathematics was about
communicating the thinking behind the result.

"Brilliant work, John, but you can't just write it down, there must be some sense to why you've done it, some
logic. Why did you do it that way? Explain it."
(RT, Phoenix Park, Year 11 class)



Modelling good practice in detail
Phoenix Park teachers encouraged students to communicate their mathematics thinking to othersin the class
in some detail. They aso provided opportunities for students to discuss useful methods of investigation.

In one lesson, the teacher offered an explicit focus on useful strategies the students could employ in their
mathematics explorations. She posed the following question: "If someone new came into class and asked you
what makes a good piece of work, what would you say?"

When the students offered suggestions such as, "have an aim", "draw a plan”, "write about patterns’, she
pursued them with further questions:

"What does that mean? Why is a plan important? What does a good plan look like? How do we record
patterns?

The students struggled over their explanations, but stayed engrossed in the discussion for some time. She then
gave them atask to design a poster describing the different features of ‘good work'.

Phoenix Park teachers showed great confidence in their teaching methods. Readers can find a case study
which explores the link between teacher confidence (case study 3), effective methods of teaching and pupil
progress in mathematics at the end of this RoM.

How did the'traditional’ school handle differentiation?

Amber Hill provided differentiation for studentsin several ways. In Year 9, the students were placed in eight
different sets, based on ability. The teachers believed that the reduced spread of ability within each class
enabled them to teach methods and procedures to the whole group together. As one teacher said:

"It's easier to pitch your lesson... to teach them all together from the front, asa class.”
(EH, mathematics teacher, Amber Hill)

The pace of work varied between each set. The staff expected top set students to cover a greater quantity of
work and a broader curriculum than other students. Teachers at Amber Hill generally pitched their lessons to
the middle of the group. However, the study found that almost all the students seemed to find some parts of
lessons either too slow or too fast. The pace of working at which students felt comfortable was determined
their prior experience, individual preferences or even their feelings on the day, as well as by the difficulty of
the topics.

Within any given set, the work was differentiated by outcome, insofar as quicker students would complete
more questions and better students would get a higher proportion of the questions right. In addition, Amber
Hill teachers tried to differentiate their questioning by asking more open questions of students whom they felt
understood the work and asking students who seemed to be struggling tightly defined questions that required
little thought to answer. Sometimes, these questions were simple calculations or merely required a choice
between two possible answers. The staff at Amber Hill generally believed it was necessary to provide less
able students with a greater degree of structure to help them reach the answers. They had low expectations of
many students and thought closed questions would help them. Some teachers gave non-verbal cluesto help
students reach the correct answer. Amber Hill teachers also aimed to differentiate by support. As students
worked from textbooks, they moved around the classroom, spending time with those who seemed to be
struggling.

This pattern of differentiation is not unusual. Nevertheless, the study showed that it failed to meet the needs of
anumber of students. Thisis explored further on the following page.

Ability grouping does not necessitate whole class teaching at afixed pace, but this practice isfairly common
in British schools. Readers may be interested to explore a study of whole class interactive teaching (case
study 4) which identifies aspects of whole class mathematics teaching that make learning more effective.

Did setting have disadvantages for students?
For many of the students, setting meant:



® disaffection related to the restricted opportunities for lower sets

® perceived discrimination in setting decisions

® anxiety, alack of understanding and underachievement, especially for girls, created by the fast pace of high set
environments.

Readers may be interested in looking at an earlier RfT on setting and ability grouping.

Restricted opportunities

The sets in which students were placed determined both the level of examination for which they would be
entered and the maximum grade they could achieve. Grades of A*, A and B were only available to studentsin
Sets 1, 2 and 3 and grades for the lowest sets were restricted further. Older students knew this and many
expressed anger and disappointment at this apparent unfairness. The following comment was typical:

"Y ou're gonna get an E and there's nothing you can do about it and you feel like...what's the point in trying?
Wheat's the difference between and E and aU?"
(Simon, Amber Hill, Year 11, Set 7)

It was possible, in theory, for students to move between sets, but this rarely happened. Students were assigned
to sets by the age of 13, so these early setting decisions had lasting repercussions.

Allocation to " the wrong set"

Some students mentioned in interviews that they felt they were in the wrong set. The study found some
evidence that this might be true. It compared students' eventual GCSE grades against their ability scores (as
measured by the NFER-Nelson mathematics test taken at the end of Y ear 8). The results showed that some
students at Amber Park made greater progress than might be expected and others did less well than early
measures of their ability might predict. The former students were more likely to be middle class and the | atter
to be from lower social classes.

Setting decisions at Amber Hill were based on students NFER-Nelson scores and other measures of
mathematics attainment from Y ears 7 and 8. Nonetheless, when the researcher matched students for ability,
she found those of alower social class were significantly more likely to appear in alower set. The study
concluded that the disproportionate allocation of working class students to lower sets would have restricted
the achievement of working class students.

L esson pace and itslink to top set under achievement

Amber Hill teachers felt compelled to move quickly through the work. This meant that they did not spend
time on pupils who could not provide correct answers. They worked through demonstrations on the board,
asking students questions and moving swiftly around the class until they heard the right answers. The syllabus
for higher sets was more extensive, so the higher the set the students were in, the more likely they were to
experience thisfast, intense mathematical experience.

The study uncovered unexpectedly high levels of disaffection amongst top set Amber Hill students. They
were consistently more likely than lower set students to state that they never enjoyed mathematics and that
they were always anxious in lessons. Despite being placed in the top set on the grounds of ability, no girlsand
only two boys described themselves as good at mathematics. More than half of the top set students
complained that the pace of the lesson was too fast for them to be able to understand the work.

The top set experience at Amber Hill seemed to have a particularly detrimental effect on girls. A comparison
of early indicators of mathematical ability with later measures of attainment identified 15 studentsin the top
set who were underachieving, of whom 11 were girls. Most of them were easy to identify in lessons. Severa
sat together and looked lost, confused and unhappy in lessons. They completed hardly any work. The two
girls who attained the highest and second highest NFER-Nelson marksin the school in Y 8 attained only a
Grade E at GCSE. They were both clear that the pace in the class was too fast to enable them to understand.
Inthisset, of 16 girlsand 17 boys:

® hoys attained 14 of the 19 A to C grades



® girls attained 11 of the 14 D and E grades.

These findings add to evidence from el sewhere that has shown that the greatest remaining gap in mathematics
performance between boys and girls occurs amongst the top five per cent of students.

What did theauthor conclude from her three-year study?
One conclusion of the study was that the students at the two schools developed different types of mathematics
knowledge, rather than simply acquiring more or less knowledge.

The Amber Hill teachers were committed and competent mathematics specialists. Nevertheless, the model of
teaching and learning that they followed placed some students at a disadvantage. These teachers did not see
any difference between a clear transmission of knowledge and student understanding. They seemed to
consider that learning and understanding were the same. They gave students closed and structured pieces of
mathematical knowledgeto learn at arote level and did not offer them opportunities to think about, use or
discuss mathematics. The researcher proposed that most of the problems of misunderstanding, disaffection
and underachievement experienced by the Amber Hill students came from this model of 'knowledge
transmission'.

The students in Phoenix Park were required to interpret mathematical situations, choose methods and adapt
them and solve problems in away that mirrored mathematics in the real world. Whereas Amber Hill students
felt constrained to search for correct answers and the 'right way' of approaching a problem, Phoenix Park
students were allowed to try out different options. They were not given and did not depend upon the non-
mathematical cues which the Amber Hill students used to help them. When Phoenix Park students
encountered difficulties, the teachers did not tell them what to do. They asked them questions that encouraged
them to think and make connections between the problems on which they were working and the mathematical
methods they had learned.

The students in the more 'traditional’ school appeared to be passive learners. They depended heavily on their
teachers, becoming adept at finding cues as to how to proceed from the way in which their teacher presented
information or asked questions. They learned to repeat procedures and follow rules and were rarely required,
or given the time, to think deeply about their mathematics. Whilst the Amber Hill teachers stated their belief
that students should be given opportunities to find their own way to solutions, the evidence showed that they
did not do so.

The Amber Hill teachers tried to help students by offering them sets of rules or 'handy hints' that were easy to
learn. The researcher suggested there was a mismatch between what the students and the teachers gained from
these rules. The teachers understood the mathematical context, so to them, rules were meaningful and useful.
The students lacked this broad understanding, so to them, the rules were difficult to use and were merely
abstract concepts to be remembered.

Readers may wish to read a case study that explored student misconceptions about rulesin algebra (case study
5) and how careful attention to the precise use of mathematical language helped them to a deeper
understanding.

How was the study designed and undertaken?

This study was conducted in England between 1992 and1995, at atime of change. The national curriculumin
England and Wales had recently been introduced and changes were being made to the mathematics GCSE
examination. OFSTED school inspections began the year after the study ended.

The study tracked a cohort of students in two schools in England over three years. During this period the
cohort progressed through Y ear 9 (composed of 305 13-14 year olds), Year 10 (268 14-15 year olds) and Y ear
11 (290 15-16 year olds). One of the schools chosen was a secondary school, taking students from Year 7
onwards, and the other was a high school, taking Y ear 9 and above. This may have affected the way in which
the curriculum and teaching groups were organised. However, the schools chosen were similar in terms of
socio economic composition and ability of pupils and both served working class areas. The students at the
schools were similar in terms of gender, ethnicity and ability. They had received similar experiences of



mathematics before the start of the study.

The researcher established a baseline of attainment at the beginning of the study and took various measures
throughout the study and at the end. She investigated students' attitudes towards mathematics teaching and
learning and teacher attitudes and beliefs.

The researcher collected awealth of data. Thisincluded a number of tests and assessments of student
attainment in mathematics:

® standardised NFER-Nelson test results for all students taken at the end of Year 8

® short contextualised questions including knowledge and use of mathematics in different contexts - this type of test was
administered twice to all students: once at the start of Y ear 9 to provide a baseline measure of students' performance at
the start of the study; once at the end of Y ear 10 to provide a comparison with performance on the similar Y ear 9 tests

® researcher designed tests of mathematical problem solving from a sample of pupilsin Year 9 and Year 10 and
associated prior tests of relevant mathematical skills

® |ong-term learning tests: the same test on a piece of school work administered three times - once before studying the
topic, once immediately after studying the topic and once six months after finishing the topic - these tests were
performed during Y ear 10 for two groups in each school (61 students)

® GCSE mathematics results for Year 11, including a detailed analysis of the completed papers that the researcher was
given special permission to undertake.

The study also collected a great deal of information from both students and teachers on attitudes and
behaviour, including:

® pupil questionnaires administered to all studentsin the study cohort in the second and eighth terms of the study

® pupil questionnaires administered to all 653 studentsin Years 8,9 and 10 in both schools in the fifth term of the study
® interviews in the sixth term of the study with 16 Y ear 10 pupils from each school

® interviews in the eighth term of the study with 24 Year 11 pupils from one school and 20 Y ear 11 pupils from the other
® interviews in the first term of the study with four teachers from the one school and three from the other

® interviews in the eighth term of the study with three teachers from each school

® about 100 lesson observationsin each school during the course of the three years.

What aretheimplicationsfor practitioners?

The study has a number of implications for practitioners about the nature of learning in mathematics, the
different learning preferences of girls and boys, effective methods of differentiation, the difficulties of
balancing requirements for curriculum coverage with depth of understanding and the dangers of providing too
much structure or too little scaffolding in attempts to support students. Inevitably, both schools had strengths
and weaknesses, so practitioners will wish to use their discernment in choosing which practices to adopt.

Teachers may like to consider the following questions:

® Students may appear to be productive when in fact they are working mechanically, rather than actively thinking. What
could you do to increase opportunities for students to work through problems that require thought and to reward
students who demonstrate careful mathematical thinking?

® \Would your students find it helpful to have more opportunities to discuss with each other what they can do if they get
stuck? Could they record the strategies they discover in away that would benefit the class, for example, by making a
poster? (See page 13.)

® \When introducing open-ended activities, what do you do to prompt students to discuss the problem fully and to
encourage them to record it in their own mathematical language? Could such discussion be used to make sure pupils
know how they might make a start?

® \Would you find it helpful to share ideas with colleagues about strategies for encouraging students to think out loud and
to communicate their mathematical thinking to one another?

® How much do your students vary in terms of the pace at which they work and how quickly they grasp new concepts?
Areyou aware of any students who are swift at arithmetic but slower to understand new ideas, or quick to understand
concepts but who calculate slowly?

® \What are your students' views about mathematics lessons? Would finding out make a difference to your teaching?

School leaders may like to consider the following:



® Are professiona development activities in place (such as peer observation and feedback) to help teachers to be more
aware of their preferred teaching techniques and the effects these have on their students?

® Encouraging students to undertake a greater quantity of open-ended problem solving in mathematicsis likely to reduce
the apparent quantity of work completed and to be more difficult to assess and monitor. Would it be helpful to hold a
workshop to communicate the benefits of this type of work to parents and other stakeholders?

® |f your school uses setting by ability in mathematics, are you confident that setting decisions are independent of socio-
economic factors and behavioural issues? How could you increase the chances of success in public examinations for
studentsin lower sets? For example, could your school offer an alternative accreditation system (such as GNVQ) or
run catch-up sessions?

® The specific characteristics of top set mathematics described in the study are not a necessary aspect of ability
grouping. Would it be useful for staff to discuss effective strategies for differentiation within sets?

Your Feedback

Have you found this study to be useful? Have you used any aspect of this research in your own classroom
teaching practice? We would like to hear your feedback on this study. To share your views with us email:
research@gtce.org.uk

Back to top

Case studies

We have selected the following case studies to illustrate different aspects of improving teaching and learning
in mathematics. All the case studies were drawn from classroom-based research conducted by teachers. With
the exception of case study 4, the studies took place with secondary school students. Readers with a particular
interest in the teaching of primary school mathematics will find links to studies from primary and infant
schoolsin the section on Further Reading.

We have selected the following case studies to illustrate different aspects of improving teaching and learning
in mathematics. All the case studies were drawn from classroom-based research conducted by teachers. With
the exception of case study 4, the studies took place with secondary school students. Readers with a particular
interest in the teaching of primary school mathematics will find links to studies from primary and infant
schools in the section on Further Reading.

Your Feedback

Have you found this study to be useful? Have you used any aspect of this research in your own classroom
teaching practice? We would like to hear your feedback on this study. To share your views with us email:
research@gtce.org.uk

Developing a need for algebra
Case study 1 - Developing a need for algebra

This study has been chosen as it offers an example of how a mathematics classroom was set up to
enable the students to learn algebra more effectively via an open-ended, investigative style of
teaching and learning.

The study investigated what aspects of classroom climate and organisation helped students to
develop a sense of the power of algebra and to use it themselves without prompting. The study
looked at one class of twenty-seven 11 and 12 year-old students and took place over the period of
their first term in secondary school. The class was of mixed ability, with a high proportion of less
able students.

The teacher researcher was most interested in getting students to use algebrain away that involved



working backwards, problem-solving, explaining and justifying, awareness of the constraints of
the problem situation and awareness of mathematical structure. He wanted to promote a particular
classroom culture that enabled students to become mathematicians.

In order to do this, the researcher:

® explicitly shared the aim with students

® commented on and highlighted mathematical behaviour by students

® asked students to write, both when solving mathematics problems and when reflecting on what they had learnt

® put self-checking mechanisms in place so that he was not the sole arbitrator whether students were right or wrong

® set up common boards such as a 'questions board' and a 'theories board' to stimulate class discussion and so students
could review one another's work and ideas

® constantly encouraged the students to ask their own questions

® asked open questions that allowed students to generate their own work.
He used video to monitor his teaching strategies and reflect on his practice.

How was the classroom cultur e established?
The study highlighted four strategies for building a classroom climate that encouraged students to ask their
own questions and hence to find a need for algebra.

Becoming a mathematician
In the first lesson of the year the teacher told the students that this year was about 'becoming a
mathematician' and that this meant:

® thinking for yourself

® noticing what you are doing
® asking why things work

® heing organised

® |ooking for patterns.

This allowed the students to become more aware of what they did in mathematics lessons and helped them
and the teacher to question whether their actions were mathematical or not.

Highlighting examples of mathematical behaviour

The teacher aimed to comment on behaviour that showed someone 'being a mathematician' in every lesson.
For example, when a student approached a problem in a systematic manner he said, "That's an excellent
example of getting organised, which is part of thinking mathematically". The students began to use such
phrases as 'getting organised' and 'asking why" in their writing and in talking about what they were doing.
Students offered their own examples of being a mathematician, such as'it's okay to make mistakes' and 'you
share your problems with other peopl€'.

The choice of activities and teaching

The teaching was open-ended in order to give students the opportunity to experience 'getting organised'. The
teacher chose classroom activities that were accessible to all and could be extended through asking questions.
He carefully determined when the moment was right to introduce new skills to the pupils. The students
practised the new skills within the context in which they arose. The common boards on which students could
pin up things for comment (e.g. to get othersto check, to ask a question) or to record results were vital
mechanisms for students to check their own and others work. It became natural for students to ask their own
guestions in the context of classifying such information.

Emphasising students writing



The teacher encouraged students to write down what they were doing and what they noticed or found out.
This was established as being part of 'becoming a mathematician' as it helped the students to make linksin
their learning and promoted their awareness of what they were doing.

Did the students develop a need and ability to use algebra?

The evidence from this project showed that students did develop a need for algebra within the culture of the
Y ear 7 classroom. Before arriving at secondary school, the students had received little or no exposure to
algebra or to ideas of proof.

By the end of one term, students from across the whol e attainment range displayed an appreciation of two
different uses of algebra:

® {0 prove aresult which they believed to be true

® {0 show 'the workings' of aproblemi.e. the use of algebrato expressarule.

In addition, several students could use algebraic proof to answer a question which they themselves had posed
within a problem situation. Over half the students showed evidence of using algebrato express their ideas.

The study found that:

® it was not necessary to drill the students in techniques

® at the end of 15 weeks, over half of the students in the class had moved from never having met algebra before to being
able to use algebraic symbols to express their own ideas

® students asked with increasing regularity in problem-solving situations: ‘Can we do thisfor N?

® students showed understanding of the meaning of algebraic statementsin different contexts and appreciated when the
statements were useful or not within those contexts

® students devel oped skill in algebraic manipul ations as they made sense of algebraic ideas within the context of the
activities chosen

® when the first coursework task was presented to these students they were able to structure their own approach to the
problem in away similar to that required in GCSE coursework.

Reference

Coles, A. (1999) Developing a need for algebra Teacher Research Grant summary, 3rd year 1998-99.

Cross curricular work in mathematics and science

We chose this study because it illustrates how several schools used data from real situations found
in science to develop skillsin mathematical analysis and modelling.

The study took place in one primary and three secondary schools, involving pupilsin Years 6, 9
and 10. The teachers worked collaboratively to plan cross curricular lessons in mathematics and
other subjects, especially science. They tried out team teaching and observed one another to
develop their understanding of what was happening in each subject.

The students used graphing calculators that were inexpensive and could be carried around easily to
explore avariety of situations:

® junior school pupils linked up temperature and light probes and plotted temperature and light intensity over the course
of aday to investigate links between the two

® senior school students compared the efficiency of washing powders by measuring the amount of light that passed
through dirty and cleaned fabrics



® one school investigated the factors affecting the height to which aball bounced

® other students used a motion sensor linked to agraphical calculator to explore how their motion produced graphs on
the screen.

The projects helped to deepen understanding and also allowed student to work at different levels. Many
students find it difficult to interpret distance/time graphs and speed/distance graphs. The students who
struggled to interpret graphs were able to gain a greater understanding of graphs because they could see
immediately how their motion was turned into a graph on screen. Meanwhile, high attaining students were
challenged by having to find an equation that fitted the motion. They were able to measure the value of
acceleration due to gravity. They understood that the gradient of the graph represented the speed of the
moving object. Students used the sensor to log the speed of passing cars and were delighted to discover that
when they pointed a strange gadget at a car, it amost invariably slowed down!

Cross curricular work later spread to include:

® field work in geography on the flow rate of water in a stream

® investigations in Physical Education on how exercise affects heart rate.

Positive outcomes of the project included:

® Cross curricular planning allowed the exchange of ideas between staff and helped them to expand their knowledge of
their own and other subjects.

® Mathematics teachers were able to exploit real data from other subjects to enrich different areas of the mathematics
curriculum.

® The two subjects were used to support one another so that time was not wasted in repetition.

® The use of real data and instant feedback gave pupils a greater understanding of the diagrams and formulae involved in
mathematics and science.

® The technology allowed quick and easy data capture and the students could retake readings if they looked dubious.

® The students engaged in higher order thinking skills such as making predictions, anaysing data and modelling data
with equations.

® The students were able to work more independently.
® The projects offered opportunities for effective differentiation.
® Students enjoyed the work and became more interested in mathematics and science.

® |n aninformal survey, over half the students stated that they thought cooperative group work helped their own and
others' learning and that it was more useful and important than they had previously believed.
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Teacher confidence in teaching data handling

We have chosen this study because it shows how focussed support was successfully used to deepen teachers
understanding of, and to raise their confidence in, teaching data handling. It also shows a subsequent gainin
the attainment of their pupilsin this area.

The study took place in two schools for pupils aged 4 to 9. It set out to find whether there was a relationship
between low levels of teacher confidence in the teaching of data handling skills and pupil achievement in the
same area. It found alink between the two. When staff confidence and knowledge was improved by the
provision of focussed support, including observation and discussion of lessons and joint lesson planning,
pupil achievement also increased significantly.



The teacher researchers analysed QCA test results in mathematics. They found that pupils made most
mistakes in the data handling questions. They gave a preliminary questionnaire to al staff in the two schools
and found that several colleagues felt they lacked confidence and needed support in aspects of mathematics.
The researchers chose the six teachers who showed the lowest confidence in teaching mathematics, especially
data handling, and offered them a carefully tailored programme of support.

The researchers found that teachers lacking in confidence tended to rely on a published mathematics scheme
to teach data handling. They felt that this limited children's achievement in this area. They helped the teachers
in the study to develop a bank of data handling ideas that could be used to offer the children meaningful
practical experiences. They observed lessons, discussed these with staff and jointly planned lessons as part of
their support programme.

During the course of the study, all staff received INSET support on mathematics teaching, which included a
significant amount on probability. The teaching of probability was regarded as being particularly difficult.

What difference did this make?

At the end of the study, the researchers found that the teachers who were given focussed support reported a
greater increase in confidence in teaching data handling skills than the rest of the staff. The teachersinvolved
in the study:

® all reported an increase in confidence

® reported an average level of increase of +4.7, compared with an average level of increase in the remaining nineteen
teachers of +3.4

® showed an increased range of questioning and ability to ask both closed and open questions.

During the same period, the children's Y ear 4 QCA test scores showed a marked improvement. Their results
in data handling improved, on average, by 47 per cent in one school and by 35 per cent in the other. In
addition, in class, the children showed:

® increased task focus
® hetter responses to questions

® a deeper understanding of the issuesinvolved in collecting, representing and analysing data.

The researchers confirmed their observations in class during conversations with the children.

The study also found that, despite the whole staff INSET training, few children answered the probability
guestion in their QCA tests correctly. The researchers concluded that the INSET training was not as effective
in improving teaching as the more classroom focussed support programme.
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Whole class interactive teaching in mathematics

We chose this case study because it illustrates how whole class teaching can be used effectively to
improve the quality of students' learning in mathematics.

The study brought together teachers of mathematics at Key Stage 3 (11-14 years) from six
secondary schoolsin the north of England. They shared an interest in trying out methods of
teaching mathematics which had led to high student attainment in Hungary. They met once every



half term to work with members of the mathematics department at Manchester Metropolitan
University (MMU). The group exchanged ideas with visiting Hungarian educators and some
visited Hungary to observe lessons there. The Hungarian classrooms showed high levels of whole
class teaching, classroom discussion and a willingness amongst students to discuss their mistakes
or difficulties openly.

The British teachers visited colleagues' lessons, watched recorded |essons on video and discussed
lesson descriptions to agree on a shared vocabulary they could use to describe features of lessons.
They tried out new ideas in class and used video to record what happened. They discussed and
analysed the videos as a group to refine their theories as to what happened and why. Having
identified the effective structures, strategies and activities of whole class interactive teaching in
mathematics, they put them into practice in further lessons. This, in turn, provided data for further
refinement at future workshops.

Key findings from this case study

The study found that effective whole class interactive teaching involved:

® asking students to make their beliefs and difficulties public

® focusing in depth on a small number of significant problems
® focusing on key mathematical ideas and misconceptions

® promoting high levels of articulation in students of all abilities

® making changes to teaching strategies.

Making beliefs and difficulties explicit

Hungarian students regularly came to the front and demonstrated their mathematics to the rest of the class on
the board. The teacher researchers did the same but were concerned about students' sensitivitiesto this
exposure. They made a distinction between the students and their mathematics and emphasised that the
mathematics was the focus for discussion. This encouraged co-operation and mutual support, so students felt
able to expose and explain their ideas and difficulties.

Focusing in depth on afew significant problems and on key mathematical ideas and misconceptions

The group found that explanation followed by exercises made students ook busy but did not help them think
about their mathematics. Learning was more effective when:

® students saw the tasks provided as interesting and worth resolving

® the task was clear and the problem easy to access, even the mathematics
® concept or content was challenging and hidden in the task

® students discussed a small number of problemsin depth

® teachers focused on issues and concepts rather than just techniques

® students were allowed to fall into traps and then explored their partial understandings, beliefs, feelings, instincts and
misconceptions.

Whole classinteractive teaching helped students of all abilities

The researchers found that all students, including those in lower ability groups, were willing and able to
discuss their mathematics openly. A supportive environment helped everyone to discuss their own
mathematical ideas and to produce explanations and justifications of their work.

Changesin teaching strategies
The researchers found the following teaching strategies helpful:



® valuing student contributions without judging them
® recognising when to facilitate discussion and when to intervene
@ developing high level questioning and prompting skills

® insisting on the use of correct mathematical language.

Teachers needed to develop:

® an awareness of students' beliefs and misconceptions
® an awareness of key mathematical ideas over and above the learning of agorithms

® an awareness of tendenciesin themselves, for example, to jump in to correct students, take over explanations or
explain away difficulties

® strategies for designing problems which prompted students’ awareness of key mathematical ideas. Such problems
needed to tap into students' beliefs and be rich enough to provide a significant link to the mathematics.

The nature of lesson preparation changed so that teachers could be more responsive and increase their
repertoire of activities and questions to help students gain insights into the topic being studied.

What wer e the benefits to teacher sand students?

® The teachers who took part felt they gained alot from the experience and believed, on the basis of video evidence, that
their practice had improved.

® They were more alert to opportunities that emerged from student responses.
® They used class discussions much more to deepen understanding than to explain procedures.

® The participants found video helpful for individuals to see themselves clearly and for the group to work on one
another's ideas.

The teachers judged the effectiveness of their lessons on the students' achievement. They found that the
students:

® hecame more effective learners and communicators than before
® hecame more articulate in explaining and justifying their mathematical thinking and decision-making

@ could cope with harder mathematical problems than would be expected for their age.
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L anguage issues in the teaching and learning of algebra

We have chosen this case study because it identifies some of the difficulties students experience
and the misconceptions they may adopt in algebraif the subject is taught in away that emphasises
routine skills rather than understanding and if explicit attention is not paid to the careful use of
technical language.

The research was carried out by ateacher in a Kent school with 55 students aged 14 to 16 and two
teachers at the same school. The researcher observed mathematics lessons, interviewed the
students and teachers, and tested the students ability in algebra, problem solving and reading.



The study found that:

® students with low reading ages and poor problem solving skills could still become competent at algebra
® misconceptions arose when students did not understand the complex language used by the teachers

® students found it difficult to describe and discuss algebra and generally did not use the language used by their teachers.

Why do studentsfind algebra hard?

The study found no direct rel ationships between students' scores on the algebratest and either their reading
age or their score on a problem solving test. The researcher was therefore cautious about the assumption that,
if astudent was generally academically weak, they would also struggle with algebra. The study tried to
determine what particular issues caused difficulties for the students in their understanding of algebra.

The study found that many students:

® assumed that they always had to find an unknown value when doing algebra
® believed that different letters could not have the same numeric value

® thought the al phabetical order of the |etters was important

® found using algebraic terms and numbers simultaneously was confusing

® found it difficult to explain what terms mean

® could not explain the different uses of algebra

® found it difficult to grasp and work with abstract concepts.

They made comments such as:
"I suppose it must be useful but | don't know why letters are used so much.”

Students seemed to form simplistic notions quite early on and did not change these in response to being taught
new material. When faced with complex problems, students did not use the strategies they had been taught.
They adopted a common sense approach but struggled because of the misconceptions highlighted above.
What new teaching strategies might be useful ?

In the interviews, the teachers reflected that, although the choice of language used when teaching algebra was
crucial to students' understanding, they had not made a conscious effort to teach it. They determined to be
much more explicit about the teaching, revision and use of appropriate language.

They stated that algebra was the area of mathematics that was most difficult for them to teach. They felt that
they needed to prepare more for these lessons. The teachers also felt that some student misunderstandings
resulted from an over-emphasis on routine skills at the expense of devel oping students conceptual
understanding.

The study suggested that:

® teachers might find it helpful to work together to share their experiences and to think through their strategies carefully
® diagrams could be useful to help students’ understanding

® key vocabulary should be explicitly taught

® teachers should avoid using codes (a=1, b=2 and so on) when introducing algebra

® that students tended to find it easier to use algebra to describe a procedure than to develop mathematical structure.
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Wherecan | find out more online?

You may also like to read our earlier Rf T summary about effective teachers of numeracy at primary level:
Association for Teachers of Mathematics

www.atm.org.uk

DfES National Numeracy Strategy web pages
www.standards.dfes.gov.uk/numeracy/

Mathematical Association
Www.m-a.org.uk

The Quadlifications and Curriculum Development Agency

Has links to the National Curriculum website and the National Numeracy Strategy, as well as many other
resources for teachers and parents.

http://www.qcda.gov.uk/

You may liketo read our earlier Rf T about ability grouping in education.
http://www.gtce.org.uk/teachers/rft/group0504/

Related research
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Researching effective CPD in mathematics education

www.ncetm.org.uk/enquiry/9251

Effective pedagogy in mathematics Best Evidence Synthesis:
www.educationcounts.govt.nz/  data/assets/pdf file/0007/7693/BES MathsO7 Compl ete.pdf
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Boaler, J. (2002) Experiencing School Mathematics, (Revised Edition) New Jersey: Lawrence Erlbaum
Associates

Robustness
This book reports on a study conducted in England between 1992 and1995 that was first published in 1997 in
the UK, and in 2002 in the US.

The study is an evaluation of two different naturally occurring approaches to teaching mathematics,
characterised respectively as traditional and progressive (called reform' in the US). The study took place
during a period of change in England including the introduction of the mathematics national curriculum and
changes to the mathematics GCSE examination. The researcher reviewed research literature about
mathematics that covered studies of how individuals used mathematics outside the classroom in arange of
real-life contexts. The researcher also considered studies showing that students who were taught using open or
activity approaches performed better on tests.

The research tracked a cohort of studentsin two secondary schools in England over three years. During this
period the cohort progressed through Y ear 9 (n=305 13-14 year olds), Y ear 10 (n=268 14-15 year olds) and
Year 11 (n=290 15-16 year olds). The two schools were similar in terms of sex, ethnicity, socio-economic
composition, and abilities of students. The schools were chosen because they had two different philosophies -
one (traditional) where the mathematics department mainly used a text book approach with pupils set in
ability groups, and the other (progressive) in which mathematics was taught to mixed ability classes using
open ended activities differentiated by outcomes.

A good range of datawas collected. The researcher used standardised NFER tests from Y ear 8, pupil
guestionnaires and tests administered for each year of the study and GCSE mathematics resultsfor Y11 in
order to assess changes in attainment, and in students' attitudes towards mathematics teaching and learning
over the period of the study. These data were complemented by a number of other data sources, which
together provided arich description of mathematics teaching and learning in the schools. They included 100
lesson observations, interviews with 32 studentsin Y 10 and 44 pupilsin Y 11; interviews with thirteen
teachers of Y8 and Y 11 students and researcher designed tests of mathematical problem solving from a
sample of studentsin Y9 and Y 10.

Relevance

The findings relating to open-ended approaches which were linked with improvements in students
understanding, in their confidence about using mathematics and in their performance in GCSE examination
results should prove interesting to schools and teachers of mathematics. Whilst focused on the 14-16 years
age range, the messages from the research are a so relevant to teachersin other phases. Although the study
reported on students' experiences in the mid 1990s, and some practitioners today may find the context of the
study dated, the findings should help to inform current thinking about the curriculum and approaches to
teaching and learning.

Applicability and accessibility
There was a clear focus in the study on teaching and learning that appeared to have influenced learning gains


http://www.ncetm.org.uk/enquiry/9251
http://www.educationcounts.govt.nz/__data/assets/pdf_file/0007/7693/BES_Maths07_Complete.pdf

in mathematics. The findings areillustrated with arange of materia relating to mathematics teaching and
learning in contexts familiar to teachers of mathematics in mainstream schoolsin England. Teachers will find
it helpful to consider their own teaching strategies and activities in the light of those described in the study
including the use of open-ended approaches, setting problemsin the context of real-life situations, allowing
students to work at their own pace, the preferred teaching and learning styles as expressed by boys and girls,
and the impact of different ways of grouping students. The findings relating to underachievement should
prove useful to schools and policy-makers.

Writing

In revising and updating this study for an audience of US practitioners the author has had to explain
terminology used in England and Wales, but this does not detract too much from the essence of the report.
The study iswritten in away that is likely to engage many readers and provides a great deal of thought
provoking evidence and analysis that could help teachers to reflect on their own practice today.
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